Abstract. A continuum is a compact connected metric space. A non-empty closed subset B of a continuum X does not block x ∈ X \ B provided that the union of all subcontinua of X containing x and contained in X \ B is dense in X. We denote the collection of all non-empty closed subset B of X such that B does not block each element of X \ B by N B(F 1 (X)). In this paper we show some properties of the hyperspace N B(F 1 (X)). Particularly, we prove that the simple closed curve is the unique continuum X such that N B(F 1 (X)) = F 1 (X), given a positive answer to a question posed by Escobedo, EstradaObregón and Villanueva in 2012.
Introduction
A continuum is a compact connected metric space. For a continuum X, let 2 X be the hyperspace of all non-empty closed subset of X and let F 1 (X) be the hyperspace of all one-point subsets of X.
Given a continuum X and A, B ∈ 2 X , we say that B does not block A if A∩B = ∅ and the union of all subcontinua of X intersecting A and contained in X \B is dense in X. Given L ⊆ 2 X , we denote the collection of elements of 2 X which do not block each element of L, by N B(L).
The notions of blocker and nonblocker in hyperspaces have been studied recently by many authors (see [2] , [3] , [4] , [5] and [6] ). In [6] , the authors introduce the notion of blocker, and present general properties using different kind of continua. In [4] , the set N B(F 1 (X)) is used to characterizes classes of continua; for instance, it is proved that if X is localy connected, then N B(F 1 (X)) = F 1 (X) if and only if X is the simple closed curve. Naturally, they posed the following question: Question 1.1. [4, Question 3.3 ] Is a simple closed curve the only continuum X such that N B(F 1 (X)) = F 1 (X)?
In [5] , it is defined N WC(X), N B * (F 1 (X)), S(X) and N C(X) (see Notation 2.3), for some continuum X, and it is proved the following result: (1) X is a simple closed curve, (2) N WC(X) = F 1 (X), (3) N B * (F 1 (X)) = F 1 (X), (4) S(X) = F 1 (X), MSC: 54B20, 54F15. Keywords: Continuum, Hyperspace, Non-block hyperspace, Simple closed curve, Non-cut set. The first author thanks La Vicerrectoría de Investigación y Extensión de la Universidad Industrial de Santander y su Programa de Movilidad. The main result of this paper is to give a positive answer to Question 1.1. This paper is organized as follows: In Section 3, we compare N B(F 1 (X)) with others families of closed sets define in [5] (for instance, N WC(X), N B * (F 1 (X)) and S(X), as in Theorem 1.2). In Section 4, we characterize N B(F 1 (X)) when X is an irreducible decomposable continuum. Finally, in Section 5, we have the main result in this paper. Theorem 5.3 shows that the simple closed curve is the unique continuum X such that the hyperspace of nonblockers of F 1 (X) is in fact, F 1 (X). Thus, we generalize [4, Theorem 3.2] , give a positive answer to Question 1.1, complete Theorem 1.2 and answer Question 1.3 negatively.
Definitions and auxiliary results
The cardinality of a set A is denoted by |A|. The symbol N represents the set of all positive integers.
Given a subset A of a space X, the interior, the closure and the boundary of A are denoted by int X (A), cl X (A) and bd X (A), respectively. The word mapping stands for a continuous function between topological spaces. A simple closed curve is a space homeomorphic to the unit circle S 1 = {(x, y) ∈ R 2 : x 2 + y 2 = 1}. The composant of a point z in a continuum X is defined by κ(z) = {L : L is a proper subcontinuum of X and z ∈ L}.
A continuum X is called:
• irreducible provided there are two points p and q of X such that no proper subcontinuum of X contains both p and q; we write X = irr{p, q}, • decomposable if X = A ∪ B, where A and B are proper subcontinua of X, and • indecomposable if X is not decomposable. Observe that a continuum is irreducible if and only if it has more than one composant.
Given subsets U 1 , U 2 , . . . , U l of a continuum X, we define
The Vietoris topology is the topology on 2 X generated by the base consisting of all subsets of the form U 1 , U 2 , . . . , U l , where U 1 , U 2 , . . . , U l are open subsets of the continuum X (see [8, Proposition 2.1, p. 155 
]).
A connected element of 2 X is called subcontinuum of the continuum X. The hyperspace of all subcontinua of a continuum X is denoted by C(X). Observe that if X is a continuum, then F 1 (X) ⊆ C(X) ⊆ 2 X . Thus, the hyperspaces C(X) and F 1 (X) will be considered as subspaces of 2 X . For a continuum X and A, B ∈ 2 X such that A ⊆ B, an order arc from A to B is a continuous function α :
, we say that it is an order arc in C(X).
The following is [9, Theorem 14.6].
Theorem 2.1. Let X be a continuum and let A, B ∈ C(X) be such that A B.
Then there exists an order arc in C(X) from A to B.
For a continuum X, an element B ∈ 2 X \ {X}:
• is a non-weak cut set of X provided any two points in X \ B belong to a subcontinuum of X contained in X \ B,
• is a shore set of X provided there exists a sequence (C n ) n∈N in C(X) such that lim C n = X and each C n is contained in X \ B. The following result will be used throughout the current paper. 
for each n ∈ N, and {C n : n ∈ N} is dense in X; and
We use the following notation introduced in [5] :
B does not block {x} for some x ∈ X \ B} and
A is shore set of X}.
In [5, Theorem 3.2] , it is proved: Proposition 2.4. For each continuum X, X is irreducible about N B * (F 1 (X)).
Hyperspace of non-cut sets
In [5] , it is studied when the equalities are hold in (2.1). In Theorem 3.2, we generalize [5, Theorem 3 .12].
Lemma 3.1. Let X be a continuum such that there exists p ∈ X, where {p} ∈ S(X) \ N B
Proof. Let L ∈ C(X) \ {X} be such that X \ L = U ∪ V , where U and V are non-empty open and disjoint subsets of X. Let p ∈ X such that {p} ∈ S(X) \ N B * (F 1 (X)). Hence, there exists a sequence (C n ) n∈N in C(X) such that lim n→∞ C n = X and each C n is contained in X \ {p}. Observe that X ∈ X, U, V , implies that there exists k ∈ N such that C m ∈ X, U, V for each m ≥ k. Furthermore, C m ∩ L = ∅, by the connectedness of C m , for each m ≥ k. Since {p} / ∈ N B * (F 1 (X)), in light of the fact that (a) and (c) of Proposition 2.2 are equivalent, we may suppose that
, for each j > k + 1, and lim j→∞ D j = X. Thus, applying again the equivalence between (a) and (c) of Proposition 2.2, we obtain that x k ∈ N B * (F 1 (X)). Therefore, there exists a secuence (
Then, S(X) is finite, and
Proof. Suppose that S(X) is an infinte set. Hence, there is p ∈ X such that
is a dense subset of X such that does not contain z, and for each two points x, y ∈ cl X (X \ L)∪κ there is a continuum in cl X (X \ L)∪κ containing {x, y}; i.e., {z} ∈ N B * (F 1 (X)). Therefore, N B * (F 1 (X)) is infinite. A contradiction.
Let n = |N B * (F 1 (X))|. By Lemma 3.1 and Claim 3.3, there are Z 1 , ..., Z n+1 proper subcontinua of X such that:
is a proper subcontinuum of X. We contradict Proposition 2.4. Therefore, S(X) is finite. Finally, the theorem follows from [5, Theorem 3.12].
Irreducibility
The main result in this section is Theorem 4.6, where we characterize the hyperspace N B(F 1 (X)), when X is a decomposable irreducible continuum.
Proof. Let p ∈ X be such that X \ κ(p) ∈ 2 X . Let z ∈ κ(p). We are going to prove that X \ κ(p) does not block {z}. It is well known that
Proof. Suppose the contrary that A is indecomposable. Note that if A = X, then
We consider two cases:
Since A is indecomposable, it is not difficult to see that there exists L ∈ C(A) such that:
Note that X is irreducible between p and any point of σ. Therefore, σ ⊆ X \ κ(p) and so X \ κ(p) = σ. This contradicts the fact that any composant of A is not compact [ 
Proof. Let C and D be proper subcontinua of X such that X = C ∪ D. Since X = irr{p, q}, we may suppose that X \ κ(q) ⊆ C \ D and X \ κ(p) ⊆ D \ C. Notice that X \D is connected, by [7, Theorem 3, p.193] . Hence, without loss of generality, we may suppose that C = cl X (X \ D). By Lemma 4.2, C is decomposable. Hence, there are proper subcontinua E and F of C such that C = E∪F . Since X = irr{p, q} and
is a proper subcontinuum containing {p, q}; contradicting the fact that X = irr{p, q}. Hence, X \ L is disconnected. Furthermore, there exist two disjoint and open connected subsets [7, Theorem 3, p. 193] . Therefore, L, U and V satisfy all our requirements. Lemma 4.4. Let X be a decomposable continuum such that X = irr{p, q}, for some p, q ∈ X. Let A ∈ 2 X . Then:
Proof. By Lemma 4.3, there exist a subcontinuum L of X and non-empty disjoint open connected subsets U and
where U, L and V are pairwise disjoint connected with non-empty interior subsets of X.
We prove (1) . Suppose that A does not block {x}, for any x ∈ κ(p)∩κ(q)∩(X\A). We show that A ⊆ cl X (X \ κ(p)) ∪ cl X (X \ κ(q)). Suppose the contrary that there exists
Let H be the component of A such that z ∈ H. Note that int X (H) = ∅, by [6, Proposition 1.
We only analyze the case when H ∩ cl X (V ) = ∅. In the following H ⊆ U ∪ L. We consider two cases:
. It is possible that I = ∅. Now we consider two more options:
Since X \ κ(q) is a G δ -set (see [9, Proposition 11 .14]), and H is a continuum with empty interior, we have that cl X (X \ κ(q)) ∪ H is a G δ -set. Since z ∈ κ(q), there exists a proper subcontinuum R of X such that {z, q} ⊆ R. Hence, X = cl X (X \ κ(q)) ∪ H ∪ R, because X = irr{p, q}. Thus, X \ R ⊆ cl X (X \ κ(q)) ∪ H. Therefore, X \ κ(q) has non-empty interior, by [11, Theorem 25.3] ; but this contradicts [7, Theorem 2, p. 209].
Subcase (ii)
Let w ∈ I \ H. Since w ∈ κ(q), there exists a proper subcontinuum G of X such that {w, q} ⊆ G. Furthermore, since H is a component of A, it is not difficult to prove that there exists a subcontinuum J of G such that w ∈ J ⊆ X \ {z} and
We know that A does not block {w ′ }; i.e., there is an order arc α :
) is a subcontinuum of X, by [7, Theorem 3, p. 210] . Thus, by the irreducibility of
Since H is a component of A, there exists a proper subcontinuum E of X such that cl X (X \κ(q)) ⊆ E ⊆ X \H and E ∩κ(q)∩κ(p)∩X \A = ∅, by [9, Theorem 5.4] . Let y ∈ E ∩ κ(q) ∩ κ(p) ∩ X \ A. Since A does not block {y}, we have an order arc σ : [0, 1] → C(X) such that α(0) = {y}, α(1) = X and α(t)∩A = ∅ for each t ∈ [0, 1). So, there exists s 0 ∈ [0, 1) such that σ(s 0 ) is a subcontinuum of X intersecting both E and cl X (V ), and
Therefore, we contradict (4.1), by (a) and (b), and A ⊆ cl X (X \ κ(p)) ∪ cl X (X \ κ(q)). We complete the first part of the lemma.
We prove (2) . Let x ∈ κ(p) ∩ κ(q). Let C and D be proper subcontinua of X such that x ∈ C ∩ D and X = C ∪ D. Without loss of generality, we may suppose that X \ κ(q) ⊆ C and X \ κ(p) ⊆ D. Let α 1 , α 2 : [0, 1] → C(X) be an order arc such that α 1 (0) = α 2 (0) = {x}, α 1 (1) = C and α 2 (1) = D. Let t 1 = min{t ∈ [0, 1] : α 1 (t) ∩ (A ∪ {p, q}) = ∅} and t 2 = min{t ∈ [0, 1] :
Notice that λ(t) ∩ A = ∅, for each t < 1. Furthermore, λ(1) ∩ X \ κ(p) = ∅ and λ(1) ∩ X \ κ(q) = ∅. Since X = irr{p, q}, λ(1) = X. Therefore, A does not block {x}, for any x ∈ κ(p) ∩ κ(q).
Lemma 4.5. Let X be a decomposable continuum such that X = irr{p, q}, for some p, q ∈ X. Let A ∈ 2 X . If A ∩ X \ κ(q) = ∅ and there is w ∈ (X \ κ(q)) \ A, then A blocks {w}.
Proof. Let C and D be proper subcontinua such that X = C ∪ D. Since X is irreducible between p and q, we may suppose that X \ κ(q) ⊆ C \ D. Let α : [0, 1] → C(X) be an order arc such that α(0) = {w} and α(1) = X. Since int X (D) = ∅, Theorem 4.6. Let X be a decomposable continuum such that X = irr{p, q}, for some p, q ∈ X. Let C = X \ κ(q) and D = X \ κ(p). Then,
Let Σ 2 be the dyadic solenoid. It is not difficult to see that C(X) \ {X} ⊆ N B(F 1 (X)). It is well known that Σ 2 is indecomposable and so, irreducible. Also, if X is hereditarily indecomposable, then N B(F 1 (X)) = ∅ [5, Remark 3.8]. We have the following natural question: Question 4.7. Is it possible to characterize the hyperspace N B(F 1 (X)) when X is an indecomposable continuum?
A continuum X is of type λ provided that X is irreducible and each indecomposable subcontinuum of X has empty interior. By [10, Theorem 10, p.15], a continuum X is of type λ if and only if admits a finest monotone upper semicontinuous decomposition G such that each element of G is nowhere dense and X/G is an arc. (F 1 (X) . Suppose that there exists p ∈ X such that {p} / ∈ N WC(X). For each x ∈ X \ {p}, let
where L n is a subcontinuum of X \ {p} containing x, for each n ∈ N. (5) X \ {p} = i∈I s i , where s i ∩ s j = ∅, for each i = j; s i = s(x) for some x ∈ X \ {p}, for each i ∈ I; and I is uncountable. (6) If K ∈ C(X) is such that int X (K) = ∅, and A is a countable compact subset of X \ K, then A does not block {x}, for any x ∈ K.
Proof. (1) follows from the fact that {p} does not block {x} for each x ∈ X \ {p} and Proposition 2.2. Since {p} / ∈ N WC(X), it is clear (2). It is not difficult to see that if s(x) ∩ s(y) = ∅, for some x, y ∈ X \ {p}, then s(x) = s(y); i.e., the family P = {s(x) : x ∈ X \ {p}} is a partition of X \ {p}. By (2), P is not trivial. Thus, since s(x) is dense for all x (see (1)), we have (3).
Let {U n : n ∈ N} be a local base of p in X. For each x ∈ X \ {p}, let L n be the component of X \ U n containing x. It is not difficult to see that s(x) = {L n : n ∈ N}. Thus, we prove (4). Finally, notice that s(x) is a F σ -set, for each x ∈ X \ {p}. Since X \ {p} is a Baire space (see [11, Theorem 25.3 
]), we have (5).
Since int X (K) = ∅ and A is a countable set, we have that there exists x ∈ K such that s(x) ∩ A = ∅, by (1) and (5) .
Proof. Observe that if F 1 (X) ⊆ N WC(X), then N WC(X) = N B(F 1 (X)), by (2.1). Hence, X is a simple closed curve, by [1, Theorem 11, p.505], and clearly S 1 satisfies (1), (2) and (3). Therefore, suppose that there exists p ∈ X such that {p} / ∈ N WC(X). We prove (1). Let K ∈ C(X). Suppose that X \ K is disconnected; i.e., there exist open non-empty subsets U and V of X such that X \K = U ∪V and U ∩V = ∅. It is well known that K ∪ U and K ∪ V are subcontinua of X [9, Proposition 6.3].
By Lemma 5.1, there exist x ∈ U and y ∈ V such that s(x) ∩ s(y) = ∅. We show that {x, y} ∈ N B(F 1 (X)). Let w ∈ X \ {x, y}. By Lemma 5.1 (5), there exists z ∈ X \ {p} such that s(z) ∩ (s(x) ∪ s(y)) = ∅. We denote s(z) = {L n : n ∈ N}, where L n is a subcontinuum of X such that z ∈ L n ⊆ X \ {p}, for each n ∈ N. Since s i is dense and connected, it is clear that s i ∩ K = ∅, for each i ∈ I. Thus, without loss of generality, we may suppose that z ∈ K.
Suppose that w ∈ s i . Since s i ∩ K = ∅, there exists a subcontinuum T of X such that w ∈ T ⊆ s i and T ∩ K = ∅. Observe that T ∪ K ∪ L n is a continuum which does not intersect {x, y}, for any n ∈ N. Since s(z) ⊆ {T ∪ K ∪ L n : n ∈ N} and s(z) is dense, then cl X ( {T ∪ K ∪ L n : n ∈ N}) = X. Therefore, {x, y} does not block {w}, by Proposition 2.2. If w ∈ K, then {K ∪ L n : n ∈ N} is dense, and {x, y} does not block {w}, by Proposition 2.2.
Suppose that w ∈ s(x) ∩ U . Since {x} ∈ N B(F 1 (X)), there is an order arc α : [0, 1] → C(X) such that α(0) = {w}, α(1) = X and x / ∈ α(t) for each t < 1.
Since K ∪ V is a continuum with non-empty interior, t 0 < 1 and x / ∈ α(t 0 ). Furthermore, it is not difficult to see that
We have that {x, y} ∈ N B(F 1 (X)). A contradiction. This completes the proof of (1).
We prove (2) . Suppose that X is indecomposable. Let p, q ∈ X such that κ(p) = κ(q). Let x ∈ X \ {p, q}. Note that if x / ∈ κ(p) ∪ κ(q), then κ(x) is dense and κ(x) ∩ {p, q} = ∅. Hence, {p, q} does not block {x}. Thus, x ∈ κ(p) ∪ κ(q). Suppose that x ∈ κ(p). Since {p} ∈ N B(F 1 (X)), there is an order arc α : [0, 1] → C(X) such that α(0) = {x}, α(1) = X and p / ∈ α(t), for each t < 1. Observe that α(t) ⊆ κ(p), for each t < 1. Thus, α(t) ∩ {p, q} = ∅ for each t < 1, and {p, q} does not block {x}. Thus, {p, q} ∈ N B(F 1 (X)). A contradiction. Therefore, X is a decomposable continuum.
We prove (3) . Suppose the contrary that there exists a subcontinuum K of X such that K is indecomposable and int (1) . For each x ∈ K, we denote the composant of x in K by κ K (x). Observe that if κ K (z) ∩ W = ∅, for some z ∈ K, and x ∈ K \ κ K (z), then {x} blocks {z}. This contradicts that N B(F 1 (X)) = F 1 (X). Thus, κ K (x) ∩ W = ∅, for each x ∈ K.
Let x and y be points of int X (K) such that κ K (x) ∩ κ K (y) = ∅. We see that {x, y} ∈ N B(F 1 (X)). Let z ∈ X \ {x, y}. Note that if z / ∈ κ K (x) ∪ κ K (y), then there is a subcontinuum H of X such that {z} ∪ W ⊆ H and H ∩ {x, y} = ∅. Since int X (H) = ∅, {x, y} does not block {z}, by Lemma 5.1 (6) . Thus, z ∈ κ K (x) ∪ κ K (y). Suppose that z ∈ κ K (x). Since N B(F 1 (X)) = F 1 (X), there exists an order arc α : [0, 1] → C(X), such that α(0) = {z}, α(1) = X and x / ∈ α(t) for each t < 1. Let t 0 = min{t ∈ [0, 1] : α(t) ∩ W = ∅}. Observe that t 0 < 1 and α(t 0 ) ⊆ K. Hence, α(t 0 ) ⊆ κ K (x) and y / ∈ α(t 0 ). Thus, α(t 0 ) ∪ W is a subcontinuum of X such that int X (α(t 0 ) ∪ W ) = ∅ and {x, y} ∩ (α(t 0 ) ∪ W ) = ∅. Therefore, {x, y} does not block {z}, by Lemma 5.1 (6) . This contradicts that N B(F 1 (X)) = F 1 (X) and int X (K) = ∅ for each indecomposable subcontinuum K of X. Proof. It is clear that if X is a simple closed curve, then N B(F 1 (X)) = F 1 (X). Suppose that N B(F 1 (X)) = F 1 (X) and we prove that X is a simple closed curve. By [1, Theorem 11, p . 505], we need to show that F 1 (X) ⊆ N WC(X). Suppose the contrary that there exists p ∈ X such that {p} / ∈ N WC(X). By Proposition 5.2, X = A 1 ∪ A 2 ∪ A 3 , where A i ∈ C(X) for i ∈ {1, 2, 3}, and X \ (A i ∪ A j ) = ∅, for each i, j ∈ {1, 2, 3}, i = j. Note that p ∈ A 1 ∩ A 2 ∩ A 3 , by Lemma 5.1 (3). We will adopt the notation of Lemma 5.1.
Given q ∈ X and B ∈ 2 X , define
We shall prove the following claim.
Since N B(F 1 (X)) = F 1 (X), there is q ∈ X \ {x, y} such that {x, y} blocks {q}. Suppose that q ∈ A n ∪ (X \ (s(x) ∪ s(y))). Notice that int X (A n ) = ∅. Hence, using Lemma 5.1, it is not difficult to see that there exists a subcontinuum L of X such that {q} ∪ A n ⊆ L, and L ∩ {x, y} = ∅. Thus, {x, y} does not block {q}, by Lemma 5.1 (6) . A contradiction. Therefore,
Without loss of generality, we may suppose that q ∈ s(x) ∩ (X \ A n ). Note that if Λ(q, B) ∩ A n = ∅, then there is K ∈ C(X) such that q ∈ K, K ∪ A n ∈ C(X) and {x, y} ∩ (K ∪ A n ) = ∅. Hence, {x, y} does not block {q}, by Lemma 5.1 (6) . A contradiction. Thus, Λ(q, B) ∩ A n = ∅.
Since {x, q} ⊆ s(x), there exists a subcontinuum N of s(x) such that N = irr{x, q} [7, Theorem 1, p.192] . Hence, it is not difficult to see that there exists a proper subcontinuum M of N , such that q ∈ M ⊆ N \{x} and
We know that {x} ∈ N B(F 1 (X)). Hence, there is an order arc α : [0, 1] → C(X) such that α(0) = {q}, α(1) = X and x / ∈ α(t), for each t < 1. Let t 0 = min{t ∈ [0, 1] : α(t)∩A n = ∅}. Since int X (A n ) = ∅, t 0 < 1. Furthermore, since α(t)∩A n = ∅ for each t < t 0 , α(t) ⊆ Λ(q, B).
If y / ∈ α(t 0 ), then {x, y} does not block {q}, by Lemma 5.1 (6) . A contradiction. Thus, y ∈ α(t 0 ). Since y ∈ X \ (A k ∪ A n ), there is t < t 0 such that α(t) ∩ X \ (A k ∪ A n ) = ∅ and y / ∈ α(t). Thus, Λ(q, B) ∩ (X \ (A k ∪ A n )) = ∅. This ends the proof of Claim 5.4.
For sake of simplicity, L w and L z will denote Λ(w, B 0 ) and Λ(z, B 1 ), respectively. Thus,
Assume first that z ∈ s i ∩ (X \ A 2 ).
We know that p ∈ A 2 ∩ A 3 . Furthermore, note that if A 2 ∩ A 3 is connected, then A 1 ∪ (A 2 ∩ A 3 ) is a proper subcontinuum of X which contradicts Proposition 5.2 (1). Thus, A 2 ∩ A 3 is disconnected. Let P be the component of A 2 ∩ A 3 such that p ∈ P . Let E be a component of A 2 ∩ A 3 such that E = P . Observe that E ⊆ X \ {p}. Let l ∈ I be such that E ⊆ s l . Since s l is dense, there exists a subcontinuum H of X such that E ⊆ H ⊆ s l and H ∩ A 1 = ∅. Let W = A 1 ∪ P ∪ ( {G E : E is component of A 2 ∩ A 3 and p / ∈ E}). Let x w ∈ L w ∩ (X \ (A 1 ∪ A 3 ) ) and x z ∈ L z ∩ (X \ (A 1 ∪ A 2 )) (see (5.2) and (5.3)). Observe that {x w , x z } ∩ W = ∅.
Let x ′ ∈ X \ {x w , x z }. If x ′ ∈ W , then there exists a subcontinuum with nonempty interior Q of X such that x ′ ∈ Q and {x z , x w } ∩ Q = ∅. Hence, {x w , x z } does not block {x ′ }, by Lemma 5.1 (6) . Thus, x ′ ∈ (X \ (A 1 ∪ A 2 )) \ W or x ′ ∈ (X\ (A 1 ∪A 3 ) )\W . Suppose that x ′ ∈ (X\(A 1 ∪A 2 ))\W . Since {x z } ∈ N B(F 1 (X)), there exists an order arc α : [0, 1] → C(X) such that α(0) = {x ′ }, α(1) = X and x z / ∈ α(t) for each t < 1. Let t 0 = min{t ∈ [0, 1] : α(t) ∩ (A 1 ∪ A 2 ) = ∅}. Since x w ∈ X \ (A 1 ∪ A 3 ) ⊆ int X (A 2 ), x w / ∈ α(t 0 ). Hence, α(t 0 ) ∩ {x z , x w } = ∅. Furthermore, A 1 ∪ (A 2 ∩ A 3 ) ⊆ W . Hence, α(t 0 ) ∩ W = ∅. Thus, there exists a subcontinuum H of X such that {x ′ } ∪ A 1 ⊆ H and H ∩ {x z , x w } = ∅. Therefore, {x w , x z } does not block {x ′ }, by Lemma 5.1 (6) . Similarly we have that {x w , x z } does not block {x ′ }, if x ′ ∈ (X \ (A 1 ∪A 3 ))\ W . Therefore, {x z , x w } ∈ N B(F 1 (X)). A contradiction.
We have just to consider that z ∈ s j ∩ (X \ A 2 ).
Note that L z ⊆ s j . Let P be the component of A 2 ∩ A 3 such that p ∈ P . Let E be the collection of all the components of A 2 ∩ A 3 containing no the point p. For each E ∈ E, E ⊆ s l for some l ∈ I. If l = j, let G E ∈ C(X) such that
